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Motivation Example

Symmetries of geometric objects
a

AD t Ot f
i fA little more

way more
complicated There symmetriesHere we can rotate by are as many symmetries Infinitelyfixed angles or reflect as choices of bottom

over axes of symmetry square many
Or some combination of
the two

we can think of the set of symmetries eg rotate clockwise

900 and the binary operation being composition i e

perform one followed by the other

What properties should a set of symmetries satisfy

1 Do nothing is a symmetry fi e The i ty

2 Every symmetry has a symmetry that undoes it i e

an inverse

3 Slightly more subtly composition of symmetries is
associative fog oh f goh

some
symmetry



A
greup generalizes the notion of a set of symmetries

along w the composition operation

Det A group LG 7 is a set G along w a

binary operation such that

1 7 an element eCG s t f XeG e x x e X

e is called the identity

2 V a cG F a eG s t a a a a _e

Ca is called an inverse of a

3 a b c a b c t a b ceG associativity

Def LG is abelian if is commutative

Ex CR t is agroup
at b to eat btc so it's associative

O t a at O a Tae R and

at C a a a O t a c Tl

However Rt t is yet a group It is associative
7

thesetof
positive
integers



but eta a V e.ae 2 i e There's no identity

Ex Q 03 is a group
l is the identity

R 03,0 is not a group it has 1 as the only
candidate for an identity but there is no

a c 7 03 s t Za l

Ex f IR IR t is a group w identity 5 x O
However this is not a group w operations or o

EI let me Rt Define an equivalence relation on 7

by an b n lb a i e a b a b mod n
9divides

Notice that every integer is equivalent to one of
O l h l We write the equivalence classes as
J T nT We call this set 4h2 and it forms a

group under addition mod n

i e a tb atb the remainder of atb when dividing by h

t 0 I 2 3
table 3

for z I 2 3
022 3 0 I

3 3 0 I 2



Ex I I ER w multiplication is a group
How does it compare to 42,2

EX Harder Fix a set S Let G 4 S Sl 9 a bijection

where the operation is composition

eg if S l n G set of permutations of n elements
How many etfs in G We'll come back to this example
soon

If S 1,2 then G id f where f i 2 f 2

This looks likethe same group as both s l and 727
We'll formalize this notion soon

Basicproperties ofgroups

theorem If G is a group and a b Ce G then
if a b at C then b C and if b a c a then b C

p 7
left cancellation rightcancellation

Pnef Assume a b a c Then 7 a c G s t a a e

Thus a a b a a c

a a b a a c

e b exec

b c



By a symmetricargument right cancellation holds as
well D

theorem If G is agroup and a bcG thin F a unique x cG
s't a x b and a unique yEG s t Y a b

Peet let a b c G let a e G s't a a a a e

I I
Define x a b Then a x a a b

Ia a b

e b b
Thus such an elementexists Nowwe showit's unique

Suppose a c b Then a c a x c x so x is unique

A similarargument shows that thesecond part ofthe statement holds.D

Core If e is an identity of GH then e is the uniqueidentity

PI 7 unique x y s't A x a and y a a so x e y D

C If X E G then x has a unique inverse and if X c e

Lor c x e then c X t

a b b a I



PI a b b a a b b a 1

a b b 1 a

e a t

a a l e

Thus since inverses are unique a b b a 1 D

EX Let G e a b What are the possible groups w G as the

underlying set

e istheunique identity so we needto find

a a a b b ta and bib

If a b a then b e which ish't the case

similarly a b tb and b a ta or b Thus a b e b a e

a at a f a since ate and a te since a f b a

Thus a b and similarly b a so the table becomes

ta a b e

b b e a

can
check that this is in fact a group relabel e O a I b 2 andthisbecomes

7312 In fact this isthe only group w 3elements up to isomorphism
wewillseewhatthismeans later



De Theorder of a group G IGI is the cardinality of G
If a c G then the order of a lat is the smallest he 7
sit ah e If ah e t n then Ial a

Examph e _e so let l The identity is theonly ett of order

In 7312,101 1

1 1 1 0 so I11 3 and 21 2 1 1 2 0 so 121 3

In 7,17 V h EX s't h1 0 1h1 x

Notation From now on for a groupG we will usually
write the operation as instead of and

for a b we'll write just ab We'll denote the

identity by 1 and denote x x Xh and x x
1 5

htimes h times

However if thegroup is abelian we will sometimes

use t as the operation in which case the identitywill

be 0 and we write Xt tx ag n x
ntimes

Subgroyps

Def H E G is a subgroup of G denoted H EG if

It is a group w the same operation as G



Ex 27 ER 0,23 12 42

We'll come back to subgroups later


